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CN ' Abstract. In this paper we mainly study the type II singularities of the mean 

C^ , curvature flow from a symplectic surface or from an almost calibrated Lagrangian 

D ' surface in a Kahler surface. We study the relation between the maximum of the 

^^ , Kahler angle and the maximum of |iJp on the limit flow. 
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Q i 1. Introduction 

"^ I In this paper, we continue to study the symplectic mean curvature flow and La- 

^ ' grangian mean curvature flow ([1], [2], [3] [8], [9], [12], [14]) in a Kahler surface. 

Suppose M is a compact Kahler surface. Let S be a smooth surface in M and u, 
(■, ■) be the Kahler form and the Kahler metric on M respectively. The Kahler angle 
a of E in M is deflned by [5] 



(N 
> 



\^ [ uj\y: = COS ad/is 

where (i/xs is the area element of S of the induced metric from (,). We call S a 
Tij- ■ symplectic surface if cos a > 0, a Lagrangian surface if cos a = 0, a holomorphic curve 

if cos a = 1. In addition, we assume that M is a Calabi-Yau manifold of complex 

dimension 2 with a complex structure J, i.e, a K3 surface. We consider a parallel 

holomorphic (2, 0) form, 

fl = dzi A dz2. 

If a surface S is Lagrangian then (see [7]) 



o 



X 



h: n\J: = e''d^,: 



a 



s, 



where ^ is a multivalued function called Lagrangian angle. If cos6 > 0, then E is 
called almost calibrated. li 6 = costant, then E is called special Lagrangian. 

It is proved in [1] and [14] that, if the initial surface is symplectic, then along the 
mean curvature flow, at each time t the surface is still symplectic. Thus we speak of 
symplectic mean curvature flow. It is proved in [12], [13] that, if the initial surface 
is Lagrangian, then along the mean curvature flow, at each time t the surface is still 
Lagrangian. Thus we speak of Lagrangian mean curvature flow. 

In [8] we showed that, if the scalar curvature of the compact Kahler-Einstein surface 
M is positive and the initial surface is sufficiently close to a holomorphic curve, then 
the mean curvature flow has a global solution and converges to a holomorphic curve. 
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In general, the mean curvature flow may produce singularities. The beautiful results 
on the nature of singularities of the mean curvature flow of convex hypersurfaces have 
been obtained by Huisken-Sinestrari [10], [11] and White [15]. For symplectic mean 
curvature flow, Chen-Li [1] and Wang [14] proved that there is no Type I singularity. 
At a Type II singular point, Chen-Li [2], [3] proved that, the rescaled surfaces converge 
weakly (in the sense of measure) to a stationary tangent cone which is flat. 

If we consider the strong convergence of the rescaled surfaces S^ in -Br(O) around a 
type II singular point, let \Ak\ be the second fundamental forms of Sj in Bfi{0), then 
we have that |AfeP < 4 in -Bij(O) during the rescaling process. Thus by Arzela-Ascoli 
theorem, Sj -^ S^ in C^{Br{0) x [-R,R]) for any i? > and any Br{0) C C^. By 
the deflnition of the type II singularity, we know that E^ is deflned on (— oo, +oo) 
and S^ also evolves along the mean curvature flow in C^ with the Euclidean metric. 
We call S^ the limit flow at Xq. See Section 2 for details. 

In this paper, we mainly study the nature of the limit flow S^. For this purpose, we 
consider a general mean curvature flow Sf in W^ which exists globally with bounded 
second fundamental forms. In particular, translating soliton to the mean curvature 
flow is a special case. Recently in [9] we proved that there is no translating soliton 
with cos a > 6 to the symplectic mean curvature flow or to the almost calibrated 
Lagrangian mean curvature flow where (5 > is a constant depending only on the 
speed of the soliton. Since Sj come from the blow up, it is natural to assume that on 
Sj, we have 

cR^ < fiti^t n Bn{0)) < CR\ (1.1) 

where < c < C < oo are constants which are independent of t and R. 

Main Theorem 1 Suppose that S^, t G (— oo,0] is a complete symplectic mean 
curvature flow in C^ which satisfies (l.l). Assume that sup^g/^^ qi supj^^ \A\'^ = 1. If 

K^ = supjg(-_o^ Q] sup^j \H\'^ and 6 = inftg(_oo,o] i^fst cosa, then 6e~ < 1. 

Analogously in the almost calibrated Lagrangian mean curvature flow, we have 

Main Theorem 2 Suppose that Ht, t G (— oo,0] is a complete almost calibrated 
Lagrangian mean curvature flow in C^ which satisfies (l-l)- Assume further that 
suPig(_oo,o] suPst I^P = 1- //^^ = suptg(_oo,o] sups, \H\^ and6 = inft6(_oo,o] infs, cos^, 
then 06 2 < 1. 

The authors would like to thank the referees for their valuable comments which 
improved this paper very much. 

2. Preparations 

In this section we deflne the rescaled surfaces and study the strong convergence 
of the rescaled sequence at a type II singular point, which is more or less standard. 
However we can not flnd it in a reference, so we give all details here. It may be 
interesting in its own right. Suppose that T is discrete singular time, that means 
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there exists e > such that the mean curvature flow is smooth in [T — e,T). Assume 
that (Xo,T) is a type II singular point of the mean curvature flow in M. Since this 
is type II singularity, then for any sequence {r^} with r^ ^ 0, 

max cr^ max max lAP 

> (rfe/2)2 max \A\^ 

= (T-(T-(r,/2)2)) max ^ \A\' 



T- 



(rj^/2)2nSrj^/2{^0) 



— S> +00 

We choose au € (0, rfc/2] such that 

a1 max max lAp = max o"^ max max lAI 

[T-(rfc-afc)2,T-(rfe/2)2]EtnB,^-<,JX„) ' <7e(0,rfc/2] [T-{rfc-<7)2,T-{rfc/2)2] SinB,j^_,(Xo) ' 

Let tfc G [T - (rfc - ak)^,T - (rfe/2)2] and F{xk,tk) = X^ e Br^_„^{Xo) satisfy 
A? = Up(Xfc) = Upfajfc.tfc) = max max UP. 

'^ 11^'=^ I I V fc, fc; [T-{r,-a,)2,T-{r,/2)2]S,niJ.,_.,(X„)' ' 

Obviously, we have {Xk,tk) -^ {Xq,T) and A|o"^ -^ oo. In particular. 



and hence 



max max Up < 4X1, (2.11 

[T-(rfe-<Xfe/2)2,T-(rfc/2)2] EtnS,. _,. /2(Xo) ' 



max max Up < 4AL (2.2) 

[ffe-(<7fe/2)2,tfe]StniJ, ^, /2(Xo)' 



We now describe the rescaling process around (Xo,T) in details. The argument 
is discussed with J. Chen. In the following we denote the points of the image of F 
or Fk in M by capital letters. We choose a normal coordinates in BrlXo) using the 
exponential map, where i?j,(^o) is a metric ball in M centered at Xq with radius r 
(0 < r < iM/2, ^M is the injective radius of M). We express F in its coordinates 
functions. Consider the following sequences, 

Fk{x, s) = Xk{F{xk + x,tk + Xfs) - F{xk, 4)), s G [-A^a^/4, A^(T - t^)]. 

(2.3) 

We denote the rescaled surfaces by S^ in which d/i^ is the induced area element from 
M. For any R > 0, let -B_r(0) be a ball in M^ with radius R in the Euclidean metric 
and centered at 0. Then 

s^n5R(0) = {|Ffe(x,s)|<i?}, 

it is clear that for any fixed R > 0, X^^R < r/2, r^ < r/2 as k sufficiently large, then 
the surface S^ is defined on B^^O) because 

expj,^{X,'{\Fk{x,s)\<R}) C expj,^{\F-Xo\<X^'R + n) 

C 5,-i«+,^(Xo)ci?.(Xo). 
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Moreover, we pull back the metric on Br{Xo) C M via exp^^^^ so that we get a metric 
h on the Euclidean ball Br{0). Then for any fixed R > such that X^^R < r/2, we 
can define a metric hu^R on -B_r(0), 

With respect to this metric Sj evolves along the mean curvature fiow, which will be 
derived as follows. 

If (7g is the metric on S^' which is induced from the metric g{-^ tk + \]^^s) on S^ +a"^s5 
it is clear that 

{9%{X) = Xlg,,{X~,'X + X,,t, + Xfs), 

and 

(g'j'iX) = Xfg^^{X,'X + X,,t, + Xfs). 

In this setting (S^, (7^) is an isometric immersion in {Br{0), hk^R)- Let A^, Hk be the 
second fundamental form and the mean curvature vector of (Sj, (7^) in (i?i?(0), /i^.i?) 
respectively. Let F^, F^ be the Christoffel symbols of hk^R on Br{0) and the Christoffel 
symbols of g'^ on S^ . Since F^ is an isometric immersion in {Br{0), hk^R) with respect 
to the induced metric, hence by the Gauss equation we have. 



(A,),, = Y.ihk)%K 



a ,,fc 
sa 
a=l,2 



= -dlFk+Y.i^%diFk- E {^%APkd,F2uL (2.4) 

Z=l,2 a,/3,7=l,4 

where {^'^q, « = 1, 2} are bases of the normal space of S^ in (5^(0), hk^R). Let F^ +\-'^s 
be the Christoffel symbols on S^ +\-'^s ^^'^ ^ be the Christoffel symbols on M. It is 
not hard to check that 

f ^(X) = f (A.-^X + Xfc), Fj(X) = V,^_,^-.XK'X + Xk). 
Thus from (2.4), we get that, 

{Ak)., = M-dlF+Y.i^t.+x-^s%diFk- E ^APkd.F^y^) 

1=1,2 «,/3,7=l,4 

= XkAi,, (2.5) 

where {wq,, a = 1, 2} are bases of the normal space of E^ ^a^^s i^ "^- Therefore, 

l^.r = KMW 

Hk = X^ H, 

I 17 |2 _ \-2| TT\2 
,-2 



Set t = tk + Xf^ s, it is easy to check that 



ds ^ dt' 
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Therefore, it follows that the scaled surface also evolves by a mean curvature flow 

dFu 

If^ft (2.6, 

in Ba.,,(0), where s e |-A|ff2/4, A|(T - t)\. 
By (2.1) and (2.2) we know that, 

|A,|(0,0) = 1, |A,|2<4 

in _BAj.crfe(0) and s G [— A|o-|/4, A|(T — t)]. Since (Xo,T) is a type II singularity, then 
\1<jI -^ oo and A|(T — t^) -^ oo. Thus by Arzela-Ascoh theorem, S^ ^ S^ in 
C2(Br(0) X [-/?, i?]) for any i? > and any Br{0) C C^. By (2.3), we know that S^ 
is defined on (— oo, +oo). Since for each fixed R> 0, A^^X + X^ -^ Xq for X G -B/j(0) 
as /c — > cxD, then /i^^r converges uniformly in -B_r(0) to the Euclidean metric as A; ^ oo, 
and the Christoffel symbols (F^) of hk^R converges uniformly in Br[0) to as /c — *> oo, 
we see that S^ also evolves along the mean curvature flow in C^ with the Euclidean 
metric. We call S^ the limit flow at Xq. 

In the rest part of this section, we estimate the different of Ak,Hk and Al,H^ 
where A^ and H^ are the second fundamental form and the mean curvature vector of 
Eg in the Euclidean metric on Br{0) respectively. Although it is not needed in this 
paper, it is interesting in its own right. 

Let Eg*' be the Christoffel symbols of E^ for the Euclidean metric on -B_r(0) and 
{Ug^ : « = 1,2} be bases of the normal space of Sj with respect to the Euclidean 
metric on Br{0) . Similarly, considering F^ as an isometric immersion in Br{0) with 
Euclidean metric, we have, 

o=l,2 1=1,2 

Note that the induced metric on S^ from hk,R is given by {dF^, dFk)hk rj so it holds 

\dFk\l =2, 

which in turn implies that for k sufficiently large and R fixed |i9-F^| is uniformly 
bounded in Br{0) with Euclidean metric. 

Using the Euclidean metric on Br{0), we decompose the tangent bundle of Br{0) 
along Sj into the tangential component TSj and the normal component T-'-Sj. Let 
A^ : TSj X TSj' -^ T^Sj be the normal component of Ak. Notice that A^ - Al hes 
in T^S^ and diF^ lies in TS^, it follows from (2.4) and (2.7) that, 

sup \Ai-Al\ <C sup l^^l ^0 

Br{0) Br{0) 

as A; — * oo for any fixed R> 0. From the uniform convergence of the metrics hk,R to 
the Euclidean metric, 

l^^l < \Ak\ < 2\Ak\H,,R 
for any fixed R> and sufficiently large k. Hence, there exist positive constants 6k,R 
which tend to as A; ^ oo such that 

141 = \Ai\+Sk,R<2\Ak\h,^ + Sk,R 
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for all sufficiently large k and any fixed R > 0; and similarly there exist constants 



(5^ ^ > with (5^ ^ ^ as A; ^ oo such that 

\H°,\ < 2\H, 



+ 5i 



for sufficiently large k and for any given i? > 0. 

3. Proof of the Main Theorems 

Now we begin to prove our Main Theorems. We ffist prove Main Theorem 2. Let 
i7(X, Xq, t, to) be the backward heat kernel on R'^. Let S^ be a smooth family of 
surfaces in M*^ defined by F^ : S ^ R*^. Define 



/5(X,t) = (47r(to-t))if(X,Xo,t,to) 



47r(to - 1) 



exp 



|X-XoP 
4(to - 1) 



for t < tn, such that 



dt' 



-Ap-p 



H + 



{X-Xo 



2 (to - t) 



- \H\ 



where (X — Xo)"*" is the normal component of X — Xo. 
Define 

'^Xo,to{X,t)= f -p{X,t)dpt. 

Proposition 3.1. Along the almost calibrated Lagrangian mean curvature flow St in 
C^, we have, 

^-■^Xo,toiX,t) 

2 



dt 



St cos 9 
1 



p{F,t) 



H + 



{F-Xo 



,± 



p{F,t)\H\'dpt 



2 (to - t) 
2 



dpt 
Vcos^l p{F,t)dpi 



l^t cos 9 Jj^t cos^ 9 

Proof. From the evolution equation of Lagrangian angle ([12], [13]), 



dt 



A)cos^= \H\'^cos9, 



we know that 



'dt 'cos9 



\H\^ iVcos^P 



(3.1) 



(3.2) 



cos^ 9 cos^ 9 

Recall the general formula (7) in [6], for a smooth function / = f{x,t) on Sj with 
polynomial growth at infinity. 



d_ 
di 



/ fpdpt = / (-t:/ - ^f)pdpt - fp 



{X - A'o 



Choosing / = -^^ in (3.3) and putting (3.2) into (3.3), we get our monotonicity 
formula. 
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Q. E. D. 

Proof of Main Theorem 2. li h = 0, or S = 0, or S = 1, it is evident that the result 
holds. Now we assume that h>0,0<6<l and argue it by contradiction. Suppose 

that S > e 2". Fix R> 0. First we claim that there exists a sequence {sj} such that 
Si -^ — oo as i ^ oo and hmj^oo niaxs^nB^xxo) l-f^P = 0. Without loss of generality, 
we assume Xq = 0. Integrating the monotonicity formula in Proposition 2.1 with 
to = from 2s to s for s < 0, we get that, 



1 



1 \F±^ , 

-e 2« diJ,2s 



> 



T,2s cos6{x, 2s) —2s 

p{F,t)\H\'^dfitdt. 



Ea cosy X, s 



1 \F±]1 , 

— e s dfig 



2s JEt COS 9 



By Proposition 3.1, we know that /^^ '^^Pi^^ ^) i^ nonincreasing as s. Since cos^ is 
bounded below by 6, for any t < 0, 



/ -piX,t)dfit < 1/5 I piX,t)dfit 

JT.t COS U Jjlt 



-e * datdp 



< C/6 , , 

Jo JEtn9Bp{0) — t 

C r°° p'^ d 

2 -tl ^^T,'-'"'^BMn^.)dp 



< 



-t JO 



dp 

e^voliB,iO)n^t)\ 



oo 
p=0 



voliB^iO)n^t)e'r'^dp], 

U o 



where we denote by C > the constants which does not depend on t and may change 
from one line to another line. Since we have assumed that cR^ < -Br(O) fl S^ < CR^ 
in (1.1), thus we have. 



-l-p{X,t)dpt < C[—e'^p' 

Et COSt^ — t 



2p^ Z 



1 "2 



< C\ — e « p^ + e * — -e 



p=0 "'0 



t2 



e « dp\ 



p=0 



< C. 



Thus the quantity /^^ -^^p{F^ s) is uniformly bounded above. Moreover, by the mean 
value theorem there is s' G [2s, s] such that. 



1 1 

2s ^Et cos ^ — t 
1 



e « |i/| (i/ii 



|i^i 



E./ COS^ — S 



>Ce- 



E^,nBfl(0) 
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where C is independent of s. Thus we can find a sequence {sj} such that Sj ^ — oo 
as i -^ oo and 

/ \H\^diXs- — > as i ^ oo. 

JT.s^nBR(0) 

Since the second fundamental forms of S^^ are bounded above and E^ satisfy the 
mean curvature fiow equation, then S^- strongly converges to a smooth limit surface 
E_oo in -Bi?(0). Therefore, 

lim max \H\^ = 0. (3.4) 

The identity can also be proved by Morse iteration. 

Now we use gradient estimate to prove our theorem. For this purpose we introduce 

a new function f{X,t) = ^;^j, where t G [si,0], {sj} is the sequence in (3.4), and p 
is constant such that 1 — p > 0. 



dt cos^ 9 dt dt cos^ 9 

1 



+2VePl^l ■ V- 



cos^ 9 
Using the evolution equation for \H\'^ in M^: 



(A - ^)\H\^ = 2\VH\^ - 2{H^h%)\ 
ot ■' 



we get 

(\ - 
dt 



Since 



(A-^)ePl^l' = ePl^l'(4p2|iJ|2|v|/7||2 + 2p|Vi/p-2j9|iJ"/i^/) 

> e^l^l'(4p2|iJ|2|v|if ||2 + 2p|Vi/p - 2p\H\^\A\''] 

> ePl^l'(4p2|i/|2|v|/J||2 + 2p|ViJp - 2p\H\^). 

VePl^l' = V(/cos'^) 

= cos=^^V/ + 2/cos^Vcos^, 



we have. 



^e^m\^J_ = eos2^V/-V^-^|Vcos^r- 
cos"^ 9 cos"^ 9 cos^ 9 



Using the evolution equation (3.1) we get, 

(9 1 _ 6|Vcosgp 21^1^ 

So, 

(A-^)/ > /(4p2|i7nV|iJn+2p|ViJp + 2(l-p)|i/p-2^^) 
at cos^ u 

+2cos2^V/-V^^. (3.5) 

cos'^o' 



SYMPLECTIC AND LAGRANGIAN MEAN CURVATURE FLOWS 

Let ilj(r) be a C^ function on [0, oo) such that 

^^^' I if r > 1 

< ij(r) < l,ij'(r) < 0,tp"(r) > -C and '^,; (' < C 

ipyr) 

where C is an absolute constant. 

Let 

Using the fact that |VXp = 2, a straightforward computation shows that, 



> 



^ < |. (3.6) 



Let (X(sj), t(sj)) be the point where g • f achieves its maximum in -B/j(0) x [si,0]. 
If S,^ n BrIo) = as i ^ oo, then ^ ■ / ^ as i ^ oo. If S,^ n Br{0) ^ 
as ? ^ oo, by (3.4), we know that /(X, Sj) is close to ^^^2 0/^^-) as i large enough, 

therefore f{X,Si) < e^ for i sufficiently large, since we are assuming 6"^ > e~^ . 
We choose p such that p is sufficiently close to 1 and keep the condition 1 — p > 0. 
Thus f{X,Si) < e^^ as ? -^ oo. This implies that the maximum oi g ■ f can not 
be achieved at Sj as i ^ oo. We can assume that g ■ /(X(sj), t(sj)) > 0. By the 
maximum principle, at (X(sj), t(sj)) we have, 

V((7 • /) = 

|(^-/)>0 (3.7) 

and 

Aig-f)<0. 

Hence 

(A-|)^-/<0, (3.8) 

V(? = -^V/. (3.9) 

Substituting (3.5) and (3.6) into (3.8) and using (3.9) twice we get, 

> (A-|)^./ = /(A-|)^ + ^(A-|)/ + 2V^-V/ 
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Cl + 2C2 f. , ^ f., TT\2l 



> '-^^f + 2g-f\H\\l-p) 



cos^^ 



-2gcos'^eVf-V ^ 



cos^ 6 
> -^^^f + 2g.f\H\\l-p) 

+g ■ f{2p\VH\' + 4p'\H\'\V\H\\' - 2^^^) 

-2cos^efV^—-Vg. (3.10) 

cos^ 6 

Using the equation (3.9), 

.Vcos6' 



Thus, 



Vg = gi2^^^-pV\H\'). 
cos 6 



. 2,^,rrM2,rr,2 1^9^ . |VcOS^P ,^ V COS ^ 

4:gp^\V\H\\^\H\^ = ^-^^ + Ag- — ^ AVg 



g cos^ 6 cos 6 

Putting this equation into (3.10), we get, 

C1+2C2, , ,,.,,, ^„,,,„2 , , „^„,2 , /,^ ,2 , 0,..|VCOS^| 



> '——^f + 2gf{l-p)\H\' + 2pgf\VH\' + ^\Vg\' + 2gf 



W' g cos^ 9 

> -'fj + 2gf{l-p)\H\\ 



This imphes that 



^^ > 2,(l-p)|i/P = 2,/(l-p)-^°^''l^l' 



> 2gf5\-^'^\l-p)\H\\ 
By the assumption that sup^g/g^Qi supj^^ |Ap = 1, we have h"^ < 2, so 



^,>5'2gf{l-p)\H\\ 



Since 1 — p > 0, we get that. 



\H\\X{s,),t{s,)){g-f){X{s,),t{s,))< ^' 



[l-p)R^' 
So, 



|i7|^(X(s,),t(s,))/(0,0) < \H\\X{si),t{s;)){g- f){X{s{),t{s,)) < 



;i-p)i?2- 
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Notice that /(0,0) ^ 0, thus, 



|i7p(X(.,),t(s,))<^. 



Therefore, 



sup /(X,t)<le^l^l^W-)'*(-))<le^. 



„>sup/>e^''^ 



Let i ^> oo then i? — ^ oo we get that 

1 

which contradicts our assumption because p can be chosen so that it is close to 1. 
This completes the proof of Theorem 2. Q. E. D. 

Now we turn to the the proof of Main Theorem 1. Recall the evolution equation 
of the Kahler angle in C^ (see [1]), 



d — 2 

A)cosa= VJsJ cos a, 

dt ' ' '' 



(3.11) 



where Jy,^ is an almost complex structure in a tubular neighborhood of S^ in C^ with 



(3.12) 



</stei = 


-- 62 


JEte2 = 


-- -ei 


JjltVl = 


-- V2 


JT.tV2 = 


-- -Vi. 



It is showed in [4] and [1] that. 



which implies that 



m^f>^\H\\ 



d 1 

[— A) cos« > -I/JPcosq;. 

^dt ' - 2' ' 



(3.13) 



Using the equation (3.11) we can prove one monotonicity formula along the symplectic 
mean curvature flow in M^ by the same argument as the one used in the proof of 
Proposition 2.1. 

Proposition 3.2. Along the symplectic mean curvature flow Sj in C^, we have, 
d / r 1 



dt \J-Et cos a 
1 



T,t COS a 



p{F,t)diJ,i 



-piF,t) 



H + 



{F - Xo) 



2(to - 1) 



dut 



+ / p{F,t)\VJj:fdfit+ — ^ \V cos a f p{F,t)dnt 

JT.t COS a JY """ " 



/Et cos'^ a 
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iVJstP ^ as i ^ oo. 



By this monotonicity formula we can find a sequence {sj} such that Sj ^ — oo and 

/ 

By (3.13) we get that, 

hm max liJp = 0. (3.14) 

We still argue it by contradiction. We assume 6 > e 4 and construct the function 

/ = ^--^— where t G [sj, 0]. Due to the inequality (3.13), here p should be chosen 
so that p is sufficiently close to 1/2 and keeps the condition 1/2 — p > 0. Using the 
equation 

ot cos^ a cos^ a cos^ a 

iVcosaP lifP 

> 6^ ^ + ^^, 

cos^ a cos^ a 

we obtain that, 

(A-|)/ > /(V|i7nV|i7n+2p|Vi7p + 2(l/2-p)|i7p-2^^) 
at COS"' t^ 

+2cos2^V/-V — —. (3.15) 

COS"' t^ 



Similarly we can get. 



1 



> sup f > e- 



ph 



2 



which contradicts our assumption that 6 > e 4 because p is close to 1/2. We leave 
the details to the reader. 
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